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How fo vuse the
EXPONENTIAL INTEGRAL

No more difficult than logarithms, Ei-functioas
solve problems of well interference and effective
permeability. Use is demonstrated, abbreviated
tables included with examples and simplified curve

Robert G. Nisle

Vesearch Duvision,
Phihps Petroleum Compony,
Bartlesville, Okichomo

THI fapunential Integral. abbreviated Li. appears in o
mathemuticai solution of problems involving the fow of &
single phase compressible fluid through 4 homogencous, infi-
nite. parous mediam under aun steady state conditions, This
solution is based on 1two assumptions® (1) the porous medium
his cvhndnicad symmetrv. and (21 the well radius is very smatl
compascd o the eflectise radius of the porous mediom.

This solution has been widels used in recent vears, and
provedes o more realistic answer than . provided by the so-
called steidy-state solutions

b xponential Integrals are no more ditficult to use than loga-
othme, or the tngnometnic tunctons. ‘There s nothing mys-
tenous of ditticult about them. The Exponcianial Integral arises
in the solution - ditferential equation for the flow of
single higund contant compressibility i 4 homo-
gENOUs Pory The resulting cquation for the case
of 4 constant fate in a sysiem having cylindncal

svmmelry i
q, 6B i 948.4 cufr-
“0.0141%kh ! k1 )

. formaion pressure in psi.
pressurce. 1n psi, at a radial distance. 1. from the
wel aur time T,
time in hours after opening up the well.
radial distance in fect from the well. .
production rate in stock tank barrels per day.
VISCOSILY. centipoises.
formation volume factor (dimensionless ).
permeability in millidarcys.
thickness of producing formation in feet.
compressibility of the reservoir fluid in
I
pa
f .. porosity, fractional.
The Exponential Integral in Equation (1) is the term in the
brackets.

(1y p, pir. by -
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‘The Exponential Integral is defined as

(2) --Ei(—x)= --‘;-dv

X
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Ir this definitior. « v o dummy variable and disappears
upon integration «nd substitution of the limits. - Ei(-x) is thus
1 function ot 1 only  The Exponential Integral can also be
cxpressed by means of infinite series, thus:
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The torm given in b quation ¢4 s particularly useful since
it permits & ample evaluation ot the By function for values
of © outside the range of bles. or it no wibles are available.
It v idso used to determine the range ot x over which the
logarithemic approximation may be used.

Example 1. Calculate —-Fit ---0.25). By Equation (4).

Fie— 023y S 08T772 - 2303 Jog, (0.25) + 0.25 —

(G235 i1.25)
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S OSTTY L2030 -—0.6021) - 028 —
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0 STTY L P ANGG 025 .2 0.0156 4- 00008
S 0.5Y2K8 . 1.6366
- 10438

The value 1.0438 may be rounded to the value 1.044 which
i usually sutficient for most reservoir problems. It will be
noted that the last term in the series (0.0008) was not used.
A set of Lables, Ref (4), gives the value of 1.0443. The differ-
ence hetween 1.0443 and 1.0438 is 0.0005 which is less than
the value of the last term caiculated, but not used. This illus-
trates the rule that for series of the type of Equation (4) the
crror resulting from omitting all terms after a certain selected
one is less than the first term neglected. In this example all

X< . "
terms after the term 4 Were neglected and the error’is shown

<

to be less than the value of the lerm—’:s. which is (0.0008).

2

x* :
Here the term T the first of the terms neglected.

Eullpk 2. Assume that it is desirable to use the logarithmic
approximation. Assume further that a value of -Ei(-x) accu-’
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rate to 0.01 is acceptable. In other words, all terms in Equa-
tion (4) are to be neglected after the logarithmic term. What
is the largest value that x can have in order that the error in
~Bi(-x)} shall not exceed 0.01? It was shown in the previous
example that the error does not exceed the value of the first
term neglected. In this case, the first term neglected is x.
Hence, if x does not exceed 0.01, then the error in —Ei{—x)
resulting from the use of the logarithmic approximation will
not exceed 0.01.

Tables of the 1 function ase available and are used in the
same manner as logarithmic, or trigonometric tables. A con-
densed table s wiven in Appendix A. Moure complete tables
mav be purchased from the Superintendent of Doucuments
(4). Washington 25, D C. For most reservoir work, however.
the tables given 1n Appendix A are sufficiently accurate. For
rougher work, a graph based on equation (1} has been pre-
pared and is given 1in Appendix B.

The two presious examples illustrated the method of cal-
culating the value of the function — Fit—x). Two more
examples are presented aifustrating the use of the Exponential
Integi !l wm Fquation « 1

Example 3. I'his example applics 10 the problem of well
mterference Assume two wells are separated by a distance of
ik 1t Both wells have been shut-in for 4 sutficient length of
time that the pressure in each is the static reservoir pressure.
Also. assume that the common formation in which these wells
are completed s homogeneous and continuous. The problem
15 to calculiute how many hours it wiil take for a pressure drop
of S psito occur in well B atter well A commences to produce
at g rate ob 250 stock tank bbl per day.

Assume further, that the folloning quantities have previ-
oushv been determined-

k = 133 md

h - 33 feet
kh  43%R9 md-n

u- Ullcep

B 147

f =002

¢ 13y - !

psi

The remuaining quantiies in Equation (1) as previously
specitied are r = 1100 11, g, = 250 STB/D, p, —p(r.T) =
AP - 5 psi

Substitution of these quantities in Fquation (1) gives:

S . 00141 ¢ 4389
250 < 038 - 1.47
. 484 - 1.59 - 107 % 0.38 - 0.02 - (1100)?

4202
128 - r.( 7-~T—~)
AT R

02 . . .
Thus. :‘fr‘« is the x in — Ei(— x) and 2.218 is the value

of the Ei-function. The next step is to find the value of x from
the tubles. The quantity in the body of the table nearest 2.218
is 2.20. Hence, the value of x. to three decimals, read from
the table, is 0.065.

4.202

— 2= D.068
T
4.202
T= 0065 = 64.6 hours

Example 4. Two wells, A and B, are separated by a distance
of 1100 ft. A well pressure build-up test on A has yielded an
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lioctive reservour of 275 STR/day, &

is produced at a constant rate , & preasare
drop of 10 pei is observed at B after 108 hours. Fluid and
formation constants are:

u = 0.40 cp. .
B = 1.47 BEYY AVMLABLE CORY
f =0.02

c=159 < IU"LL.-
psi

What is the effective permeability of the intervening for-
mation?
Substituting these values in Equation (1).
10 > 0.0141 X 4400 _
TI75 % 040 < 1.47 T
Ei 948.4 1.5_9 x 107% x 0.4 x 0.02 Xﬁ(llOO)_i)
- "( N k x 108
4.039 = — Ei( ) ":_5_

g
LSL- = 1,010 (from the tables)

k = 135. md. (effective)
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APPENDIX A
Table of the Exponential Integral
f(x}) = — Ei{(— x)
~()_Q() < %X < 0.209, Interval —._.:_0.001

i) 1 2 3 4 3 [ 7 8 *
QW - 0 6332 5639 S5SN8 4 G4R 4728 4 545 €.302 €20 4 143
yOl 403R 3944 3858 37Ty 3708 3437 3574 3514 S 488 3 408
G02 3355 3307 3261 3 2% 3174 3137 3088 3082 303 3993
W3 295 2627 2497 267 2a38 I K0 EITES 278 273 1708
DM 26K L 6Sx 2634 ZAIT 2590 2568 T840 2577 2807 2487
D06 2 4F% 2 444 2431 2413 2998 2377 2%0 2344 2377 1%
WOk 2205 2779 2264 22490 2235 2200 2208 2192 3178 2184
@07 2180 24N 21258 2112 200 208 2004 2082 2060 3089
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D19 1285 1260 1286 1252 148 1243 1239 1238 .2 |
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X a 1 2 3 4 5 L] 7 R ]
o ¢ ) 4MR 3355 2456 2681 2448 2208 2 18f 2027 1919
01T 1%23 {737 168G 1 5% 152¢ 1464 1400 1358 1.300 1 245
G2 1223 1IR3 1145 1110 1076 144 1014 0988 0987 O 93)
03 G906 (1 x42 GRE» O%36 U %15 0794 0776 0786 07337 079
04 9702 Ged6 0BG 0655 G640 063" (8IT 088 058 0873
G085 0580 08% 0538 0528 0814 O0S0b 0493 0483 0473 O 484
0 0464 0445 0437 0423 0420 0413 O4M 0388 0388 038}
07 0374 0367 0360 0353 0347 D30 0334 0338 0323 0318
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14 0118 0114 0113 0111 0100 0108 O0.108 0.108 0100 0.109
1.5 030000 0985 0 0871 0 0057 0 0B43 0 0090 0 0D1S 0.0808 © 0S89 0 0876
1.6 0 ORB3 0 ORSY 0 0538 0 0836 0 0814 0 0803 0. 0791 r 0780 O 0768 O 0787
17 007470073800735 00718600006 0 0008 0 0885 u 08758 0O 0868 © 0038
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19 0086200854 0 0646 0 0830 0 083! O OB 00817 0 OBI0 O OBO8 © (M98
20 O 00482 0.0476 D 0400 0 0483 0 0MS8 O. 0 0444 00438 0.0432

'e
1

|
}

'
i
i

|
|
!
i
;.
j’
!

!
|

THE PETROLEUM ENGINEER, August, 1956

of 4400 iR (10). Whea A

e



%’ e e 'APPENDEX A (Conduled g

Table of Expoaeatial Integral : IR
f(x) = —EBi(—x) ~ ST T
20 < X < 109, Interval = 0.1 S :
X ] ] t 3 ] & ] 7 s 1 - ~
Y 4.301103 3.7182 2.3%102 2 2.4 210 . Lo 1 ies L '
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Fig. 1. Gruph of the func-
| . tion £ (1) :== —Bi—4) con be
A vsed when accuracy to two
0l 02 03 04 06 080) 02 0304 060810 Solicoh Tovres is sde.
’ t— quote.

’ APPENDIX B
Mt«mwmdhﬂwwhm
wmpu&m(l)mmm mmm«mmam&mw
less variables, the calculation of Exponential Integrals is sim- g.“hlopmhmcm Values of t are pletted along the

plified. This chart may be used whenever accuracy 10 two 8ig- 3 _ouis Values of — &(—t)mwmm\'—gﬁ.

mﬁmtﬂmunadeqmwtonhepmblmnhnd
Let AP = p, — p(r,T) :
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The first branch, marked [, covers the raage of t from
0.0001 to 001; theseconilbnmh.-bdll.mb

Fo_GuB rangs of { from 0.01 10 1.0. Values of T are indicased slong
00141 kh thess curves for convenience in rending. Values of — Bi(— 1)
- 3—948.4“'"’ covers the range from 0.22 to $.6. Thess ase indicated ot the
= kT left of the chart.
Then, Equation (1) may be written wt,c@mmmo,ghw-mn
- AP=PF[—Ei(—1) t = 0.06,—~Ei (—1{) =23
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