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Summary 
In naturally fractured formations such as coal, permeability is 
sensitive to changes in stress or pore pressure (i.e., changes in 
effective stress). This paper presents a new theoretical model for 
calculating pore volume (PV) compressibility and permeability in 
coals as a function of effective stress and matrix shrinkage, by 
means of a single equation. The equation is appropriate for uniaxial 
strain conditions, as expected in a reservoir. The model predicts 
how permeability changes as pressure is decreased (i.e., draw­
down). PV compressibility is derived in this theory from funda­
mental reservoir parameters. It is not constant, as often assumed. 
PV compressibility is high in coals because porosity is so small. A 
rebound in permeability can occur at lower drawdown pressures for 
the highest modulus and matrix shrinkage values. We have also 
history matched rates from a boomer well in the fairway of the San 
Juan basin by use of various stress-dependent permeability func­
tions. The best fit stress/permeability function is then compared 
with the new theory. 

Introduction 
During drawdown of a reservoir by primary production, effective 
stress increases and permeability decreases because of cleat com­
pression. However, in coalbeds, drawdown leads to desorption of 
methane, and this is accompanied by matrix shrinkage, which opens 
the cleats and leads to permeability increase. The two effects of 
cleat compression and matrix shrinkage act in opposite directions 
on permeability. 

The purpose of this report is to present a new theoretical 
formulation for stress-dependent permeability, which includes both 
stress effects and matrix shrinkage in a single equation. The 
equation is appropriate for uniaxial strain conditions, as expected 
in a reservoir. The new formulation also predicts PV compress­
ibility, which is not constant, as is commonly assumed. This work 
is important in interpreting gas production behavior during draw­
down. It may also have implications for enhanced recovery by gas 
injection. 

Seidle et ai'mea sured PV compressibility from stress-depen­
dent permeability experiments on cores in the laboratory. Here, we 
derive stress-dependent permeability from an equation that has the 
advantage that it applies to uniaxial strain, which is the usual 
condition in the reservoir, plus it combines cleat compression 
because of pore pressure falloff and matrix shrinkage because of 
gas desorption together in one equation. The matrix shrinkage term 
is a function of pore pressure and is incorporated in this way. 
Finally, we have attempted to history match rates from a boomer 
well in the fairway of the San Juan basin by incorporating various 
stress-dependent permeability functions. 

The symbols are given in the Nomenclature. In this equation, 
changes in strain are assumed to be small (i.e., linear elasticity). 
Under uniaxial strain conditions, expected in reservoirs, the change 
in PV strain de p leads to a change in porosity as follows:2'* 
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+ 

- (1 - 4>)fy 
M 

K 
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ydp 

adT, (2) 

where the compressibility of fluid in the pores is assumed to be very 
high (i.e., there is some gas in the pores), in which case, the fluid 
compressibility and fluid thermal expansivity terms drop out from 
the equation in Ref. 2. M (constrained axial modulus) and K (bulk 
modulus) are related to Young's modulus, E, and Poisson's ratio 
v, through isotropic elasticity theory,3 

1 M _ 
E ~ (1 + v)(l 2v) 

.(3) 

K 1 1 + v 
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For porosity, <f> <§C 1, as is the case in coalbeds, and for no change 
in overburden stress (dS = 0), we have 

+ 
~K ] \K 1 

ydp - adT. . . . (5) 

The term in dT = a temperature expansion/contraction term (if 
the temperature drops, the fabric shrinks, and the cleats increase in 
width). This is directly analogous to matrix shrinkage, where cleat 
width increases as gas desorbs during pressure drawdown. By direct 
analogy, for incremental rock volume strain (i.e., increase in strain 
per unit temperature or pressure change), we can write 

d Ef/3p 

dP\ l + /3p 4P. •(6) 

i f we assume that the shape of the volumetric strain curve is a 
Langmuir curve of the form given by Eq. A-3 (see Fig. 12 of Ref. 
5). This leads to 

dp ' K ] K 
ydp-

d I s$p 

_dP\\ + $p 
dp. 

Theory 
The derivation starts from the following equation of linear elasticity 
for strain changes in porous rock. The incremental PV strain ds p is 
a result of a simple volumetric balance between the bulk rock, the 
grains, and the pores, 

(7) 

The moduli, M and K, are virtually independent of pressure, as 
can be seen from the laboratory results of Zheng et al. s (at least for 
the static case, which is appropriate for our work here). This leads 
to 

(1) 
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Integrating and dividing by </>0 leads to 

^ = 1 + ^ - ^ + ^ - 1 

x 
0/>o 

vi + j3p i + i3p„y 

Assuming that permeability varies with porosity as follows,6 

* /* ' 
Ai> \<t>o. 

(10) 

(H) 

then the changes in permeability can be calculated as functions of 
elastic moduli, initial porosity, sorption isotherm parameters, and 
pressure drawdown. These equations are for one gas component 
only. 

Eqs. 10 and 11 can be compared with those based on the standard 
approach with PV compressibility assumed constant, 

± 
<j>o 

= exp[cp(p ~p0)J (12) 

,(13) and exp[3c,(/J -/>„)] 

In the new theory, i f matrix shrinkage is strong enough, the 
permeability will rebound at lower drawdown pressures. The pres­
sure at which this occurs may be derived from Eqs. 10 and 11, and 
is given by 

_ /0.48sfJ 1_ 
(14) 

Note that this rebound pressure is independent of original res­
ervoir pressure, p 0 . 

Sawyer et aV have formulated an equation similar to Eq. 10. 
Although they use it in their reservoir simulator, they do not present 
any results on how permeability varies with pressure during draw­
down. 

PV Compressibility Under Uniaxial Strain Conditions 
This is defined as 

(15) = 1 ^ 
Cp~vp dP 

For coals in the San Juan basin, grain compressibility is virtually 
negligible compared with pore compressibility, and cf> S 0.5%. In 
this situation cp «= c$ = (ll4>)(d<j>/dp). 

From Eq. 8, 

_ Cm f£ K 

<j>M <j> 
K 

r ~ 1 

dp\ l + j3p 

shrinkage constant, S(/j3, does not scale up because it is a grain 
property. f 3 -

Table 1 contains the large-scale reservoir parameters expected 
for the San Juan basin. Scale-up of these parameters is discussed 
in Appendix A. 

Fig. 1 shows the results of scale-up to the field in the San Ju;?^ 
basin. I f we believe the porosity range in the field is 0.1. to 0.5 
then the permeability rebound depends crucially on E. For £v. 
4.45 X 10s psi, there is significant permeability rebound, and 
strong rebound for the lower porosity of 4>o = 0.1%. This value of 
E corresponds to the mean of several PV compressibility measure­
ments in the San Juan basin, as discussed in Appendix A. 

In contrast, for the value of E = 1.24 X 105 psi, permeability 
rebound is nonexistent, because stress effects dominate over matrix 
shrinkage. This value of E corresponds to the mean predicted by 
scaling core measurements ofE up to the field. Which of the above 
two values of E is most appropriate to the field is not really known. 

The results of Fig. 1 appear to be a good approximation i f <f> 
changes by less than a factor of 2, corresponding to permeability 
changes less than a factor of 10. 

Fig. 2 shows how initial PV compressibility (i.e., neglecting 
matrix shrinkage) depends strongly on 4>a and E in the field (from 
Eq. 16). 

Discussion 
Some caution needs to be applied in drawing conclusions about 
permeability rebound in the field. 

• Permeability rebound depends most importantly on three pa­
rameters: <f>o, E, and et/£. It only appears in Fig. 1 for a combi­
nation of low (j>0 and high E. 

• The value of ej/fJ = 8 illustrates permeability rebound seen in 
the field, although it has not been reconciled with independent 
measurements of matrix shrinkage for methane in the laboratory 
(E f/£ •= 1). However, under actual reservoir conditions, several 
factors might enhance the permeability rebound in the field. 

• A 10% concentration of C0 2 is common in the fairway region 
of the San Juan basin. Because matrix shrinkage is stronger for CO^ 
than for methane, a 10% concentration of C0 2 will increase the tr 
matrix shrinkage and enhance the permeability rebound showi 
Fig. 1. 

• Coals might gradually become stiffer during drawdown (i.e., E 
might increase) because cleats are unable to close on asperities, coal 
fines, or mineralization. This would dilute the stress effects in Fig. 
1 (i.e., the decrease in k/k0 for initial drawdown might be sup­
pressed). Clearly in a case like this, the permeability rebound would 
be enhanced. 

• Coal failure can increase permeability rebound. When condi­
tions are right, drawdown can induce failure because of changes in 
stress instigated by matrix shrinkage. Failure can lead to increased 
permeability through the phenomenon of dilatancy. 

Ourmodel may be compared with the earlier Sei die era/.' model. 
Seidle et al. have a constant 2 instead of {KIM — 1) in the shrinkage 

(16) 

with M and KIM functions of E and v as given earlier. 
In general, PV compressibility is a complex function"of moduli, 

initial porosity, sorption parameters, and pressure drawdown. It is 
not constant, as often treated.1-6 Even at early times, when the 
matrix shrinkage term is negligible in Eq. 16, PV compressibility 
is not constant because porosity <j> can change significantly during 
drawdown because of natural fracture closure. 

Application to the Field 
We use Ef/f3 = 8 to illustrate permeability rebound in the field. 
However, we note that there is an unresolved discrepancy between 
the matrix shrinkage parameter, e t lf i — 8, and the only two direct 
laboratory measurements of etl& for methane by Seidle8 (0.68) and 
by Harpalani' (1.35), as described in Appendix A. The matrix 

TABLE 1 —MATCH OF THEORY TO CORE 
MEASUREMENTS 

Parameter 
Large-Scale San Juan 

basin Reservoir 

0.1 through 0.5 
V 0.39 
E, psi (1.24 through 4.45) X 10s 

KJM 0.76 
MIE 2.0 
f 0.5 
7, psi" 1 P-
(3, psi" 1 0.00:' 
E ( /£ , psi 
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Fig. 1—Effect of pore pressure on coal permeability. ef//3 = 8 and 
p„ = 1,100 psi. 
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Fig. 2—Variation of initial PV compressibility (1,500 to 1,200 psi 
drawdown) with field values of cf>0 and E from Appendix A 

term (see Eq. 10 for example). This means that their shrinkage term 
is about 2.6 times greater than ours. Seidle et al. calculate (f>/d>0 

separately for stress effects and shrinkage, then multiply them to get 
the combined effect. However, in our model they are added, not 
multiplied. 

Finally, note that, in the Seidle theory, the PV compressibility is 
assumed to be constant with changes in pore pressure. But, as Eq. 
16 and related discussion show, this is not true. 

The new theory applies only to small changes in strain as 
demanded by linear elasticity (see Eq. 1). Because coal porosity is 
very low, porosity changes by up to a factor of 2 can be accom­
modated by the theory, corresponding to permeability changes less 
than a factor of 10. 
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Fig. 3—Comparison of simulation and field data values for Case 
1, Well B1 . (a) gas production rate, (b) water production rate, (c) 
bottomhole pressure. 

History Matching of a Boomer Fairway Well 

Figs. 3a through 3c show gas and water production and calculated 
bottomhole pressure (by use of casing pressure) for the San Juan 
fairway Well B l . The very strong gas production increase is 
representative ofboomer fairway wells. This behavior is anomalous 
in that dewatering does not appear to explain the strong gas 
production. Furthermore, when casing pressure is reduced, as 
shown in Fig. 3c, there is a tremendous increase in gas production, 
more so than expected from Darcy's Law. One interpretation of this 
is that there is a rebound in permeability in the reservoir, and when 
the casing pressure is lowered, the permeability actually increases, 
reflecting this rebound curve. 

An automatic history matching technique has been used to match 
the results in Fig. 3, by use of three empirical stress-permeability 
functions shown in Fig. 4. In Case 1, the permeability rebound is 
strong, and, at low drawdown pressures, the permeability actually 
exceeds the initial permeability in the reservoir. Case 3 represents 
no permeability rebound and uses a conventional exponential 
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decrease. These curves are programmed into the simulator by use 
of a permeability-pressure lookup table. 

Figs 3a through 3c and 5a through 5c show the comparison of 
these single-layer model results for two of the stress-dependent 
permeability functions and field data. The gas production rate was 
chosen as input to the simulator and is honored in all three cases. 
Table 2 shows the corresponding values of history matching 
parameters. Clearly, the Case 3 match is ridiculous because of the 
high initial reservoir permeability (500 md). Both water injection 
rate and bottomhole pressures are matched quite well in Figs. 3a 
through 3 c for Case 1 (strong permeability rebound) and very 
poorly in Case 3 (no permeability rebound). This indicates that, to 
achieve a reasonable match of the primary performance, it is 
necessary to include a mechanism by which absolute reservoir 
permeability is increased as the reservoir is depleted. This is needed 
to guarantee a much flatter bottomhole pressure profile consistent 
with field observations. 

Application o f Richardson Operating 1 
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Fig. 4—Stress-dependent permeability modeis used to match 
Well B1 primary production. 

The good match to the data by Case 1 in Fig. 4 uses a strong 
permeability rebound, with a rmnimum near 1,000psi. We have not 
explored the sensitivity to shifts in this minimum. It also appears 
that a finer grid spacing would shift the minimum in the perme­
ability curve more to the left. However, we suspect that any shift 
in minimum pressure would not be more than 300 psi. In conclu­
sion, the pressure minimum for Case 1 in Fig. 4 is in quite good 
agreement with the two permeability rebound curves in Fig. 1. 

However, there may be other interpretations for the well-pro­
duction behavior in Fig. 3a. We have emphasized one interpretation 
(i.e., permeability rebound, and found that observations support the 
theory). 

Conclusions 
The theory we have developed shows how absolute permeability 
changes as reservoir pressure decreases during drawdown. How­
ever, the changes in permeability are strictly only applicable where 
the pressure is constant (static case), (i.e., they do not apply to the 
case when a gradient of pressure exists during flow toward the 
wellbore). In such a case, a fully coupled model (i.e., flow and stress 
are coupled) needs to be used to properly examine the changes in 
permeability during drawdown. Consequently, the history-match­
ing example above from the San Juan basin, by use of a 
pseudocoupled model, is regarded as a first approximation only. A 
coupled model has been formulated by Durucan et al.,1" but the 
model does not include matrix shrinkage (it does include stress-
dependent permeability). 

A model study on the effects of matrix slirinkage on permeability 
in coals has also been done by Levine." The model appears to be 
less rigorous. Furthermore, for the field-scale parameters he has 
chosen, permeabilities always increase during drawdown, whereas, 
for our parameters in Fig. 1, we show two rebound curves and two 
nonrebound curves. The models agree in that the change in per­
meability is strongly dependent on the matrix shrinkage coefficient 
andthe elastic modulus. However, ourmodel indicates thatporosity 
also is very important 

The theory we have developed above gives changes in natural 
fracture porosity because of pressure drawdown. This same ther-
moporoelastic formulation leads to stress changes. The total hor­
izontal stresses are reduced because of lowering of pore pressure 
and matrix shrinkage (equivalent to a drop in temperature). A l ­
though transients occur, they lead to steady-state expressions for 
stress changes, which come out of the theory. In fact, the same 
terms that appear in the porosity change in Eq. 2 also appear in the 
equations for stress change. That is, the stress changes are implicit 
in the porosity changes (and permeability changes) in the theory. 
Horizontal stress changes because of matrix shrinkage do not have 
to be added separately because their effect is already included in the 
theory results of Eqs. 10 and 11. 

Our conclusions may be summarized as follows. 
1. We have developed a new theoretical formulation for stress-

dependent permeability in the field. Stress effects and matrix 
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Fig. 5—Comparison of simulation and field data values for Case 
3, Well B1. (a) gas production rate, (b) water production rate, <c) 
bottomhole pressure. 

TABLE 2 - HISTORY MATCH PARAMETERS FOR WELL B1 

Case 
kB 

(md) 
C/>D 

(%) Sw0 

1 16 0.085 0.87 
3 500 0.1 0.9 

shrinkage during drawdown appear naturally in a single equation. 
This equation is appropriate for uniaxial strain conditions expected 
in a reservoir. 

2. Grain compression/expansion effects are included in the fhte. 
ory, but these are virtually negligible in the field. 

3. The new formulation incorporates matrix shrinkage, not â . 
average, but as a function of reservoir pressure during drawdown? 
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4. PV compressibility is predicted by the theory, and it is not 
constant. It depends on matrix shrinkage as well as effective stress 
parameters and changes with drawdown.' 

5. In the theory, porosity changes do not have to be small. The 
theory is probably okay for porosity changes less than a factor of 
2, corresponding to permeability changes less than a factor of 10. 

6. A prominent permeability rebound can occur in the field, as 
illustrated by the new model with = 8. Permeability rebound 
is more likely for a combination of low porosity and high Young's 
modulus in the coal. 

7. Well B l in the San Juan basin has been matched by a 
single-layer model with a permeability that strongly rebounds 
below 1,000 psi (cf. initial reservoir pressure = 1,500 psi). The 
minimum pressure, p c = 1,000 psi, agrees quite well with per­
meability rebound curves derived from theory, with st/|3 = 8. This 
is encouraging support for the theory. 

8. However, the matrix shrinkage parameter, z tl$ = 8, is greater 
than that found in the laboratory, e t/p = 1. This discrepancy is not 
resolved. 

Nomenclature 

dp 
dS 
dT 

dep 

de, 
E 
f 
k 

h 
K 
M 
P 

Po 
v P 

V 
a 
T 

v 

4>0 

pore volume compressibility, psi - 1 

change in pore pressure, psi 
change in overburden stress, psi 
change in temperature, °F 
incremental grain volume strain, dimensionless 
incremental pore volume strain, dimensionless 
incremental rock volume strain, dimensionless 
Young's modulus, psi 
a fraction 0 —> 1 
permeability, md 
virgin permeability, md 
bulk modulus, psi 
constrained axial modulus, psi 
reservoir pressure, psi 
virgin reservoir pressure, psi 
pore volume 
core volume 
grain thermal expansivity, °F _ 1 

grain compressibility, psi - 1 

parameters of Langmuir curve match to volumetric 
strain change because of matrix shrinkage (e< = di­
mensionless, 0 = psi - 1) 
Poisson's ratio 
natural fracture porosity, fraction 

• porosity at virgin reservoir pressure, fraction 
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Appendix A—Ranges of Values for Reservoir 
Parameters 
Table 1 of the text summarizes values of the large-scale parameters 
appropriate to Fruitland coalbeds in the San Juan basin. Note that 
large-scale mechanical parameters such as Young's modulus 
shouldbe lower than those measured in cores in the laboratory. This 
is because of the presence of larger scale natural fractures. In 
contrast, the large-scale Poisson's ratio should be larger than core 
values. Here, we briefly discuss the derivation of each of the 
parameter ranges in Table 1. 

Porosity. Porosity values lie in the range 0.1 to 0.5%. These values 
are from history matches of primary production in the San Juan 
basin. 

Elastic Parameters. Young's modulus has been derived in two 
ways: from static core measurements and from measurements of PV 
compressibility in the field. 

In the former case of the laboratory measurements, Jones et al. 1 2 

provide a range of (3 to 7) X 105 psi from core measurements. 
Taking the large-scale modulus to be about a factor of 4 less than 
the core measurements,*'** this gives 

E„ = (0.75 - 1.75) X 105 psi (A-l) 

An average of several PV compressibility measurements in the 
San Juan basin gives c„ = (23.3 - 96.9) X 10"5 psi"1. Now, PV 
compressibility can be approximated by just the first term in Eq. 16 
in the text, for early times, and with M — 2.0E from Table 1, and 
mis leads to 

1 
2£vd>o' • (A-2) 

By use of the range of d>0 defined previously, i.e., <f>0 = 0.1 to 
0.5%, then gives, from Eq. A-2, E = (1.72 - 7.15) X 10J psi, 
derived from PV compressibilities measured in the field. We used 
the mean of the core-derived results and the mean of the field-

"Schatz, J., consultant, private communication, 1994. 
"Durucan, S., Imperial College, private communication, 1995. 

SPE Reservoir Evaluation & Engineering, December 1998 543 

Application of Richardson Operating 
Co. 
Record on Appeal, 952. 



derived results to define a range for E l B = (1.24 — 4.45) X 105psi 
in Table 1. 

Poisson's ratio measured on cores in the laboratory fall in a range 
of 0.27 to 0.4.12 According to Senate,* large-scale Poisson's ratio 
should be abouta factor 1.15 greater than core measurements. This 
would give an average large-scale v of 0.39. 

The values of KIM and MIE are found from isotropic elasticity3 

by use of the equations in the text. By use of large-scale, v = 0.39 
gives KIM = 0.76 and MIE =2 .0 . 

The grain (or fabric) compressibility is given as4 y = 9 X 10~7 

psi"1, and, in a separate measurement,6 by y = 1.7 X 10~6 psi"1. 
Because this term does not affect the results very much, we can take 
a simple average of these two values, giving 7 = 1.3 X 10"6 psi"1 

(with a corresponding / = 0.5). Note that, for highly friable, 
disaggregated coal, the effective grain compressibility under shear 
is mitigated by slipping or jiggling of cleats, and this can be 
modeled by setting y = 0 in Eq. 9. In contrast, less friable, more 
competent coals should have/ =0.5, allowing the full effect of the 
grain compressibility term (i.e., 7 ¥= 0). 

Matrix Shrinkage Parameters. Two measurements with meth­
ane have been made on San Juan core (Seidle and Huitt8 and 
Harpalani9). Both authors fit their volumetric expansion measure­
ments by a Langmuir curve of the form 

AF PP 
(A-3) 

Both authors fmd (3 = 0.002 psi"1. However, their values" of ef/^ 
lie in the range 0.68 to 1.35, with Harpalani's measurement being* 
the larger. Note that these values were derived by summing the 
strains measured in the three orthogonal directions because they are 
volumetric strains. 

We have used a matrix shrinkage parameter Bt/f} « 8 to illustrp*~ 
permeability rebound in the field. The discrepancy with laborat 
values, g{//3 •= 1, has not been resolved. 

SI Metric Conversion Factor 
psi X 6.894 757 E+00 = kPa 

SPEREE 

•Schatz, J., consultant, private communication, 1994. 
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