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I HI Exponential Integral, abbreviated l i . appears in .1 
mathematical solution ol problems involving the flow of .1 
single phase compressible fluid through a homogeneous, infi
nite noious medium undct non steady slate conditions. This 
solution is based un two assumptions' 1 I > the porous medium 
has cylindrical symmetry, and 1 2 1 the well radius is very small 
compared to the eMcctivc radius ol the porous medium. 

Ihis solution has been widck used in recent years, and 
pmvides .1 more realistic answer than provided bv the so-
called steady-stale solutions 

I xponetitial Integrals .ire no more dilticult to use than loga
rithms. t>r the trignomeiric I unci ions I here is nothing mys
terious or ilitliv'ult ahotil them The Exponential Integral arises 
in the solution u f j f i f dilleienli.il equation for the llow of .1 
single liquid 
gencous poroi 
of a constant 
symmetry is: 

constant compressibility in a homo-
The resulting equation lor the case 
rale in a system having cylindrical 
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formation pressure in psi. 
pressure, in psi, si radial distance, r. from the 
well at time T. 
time in hours after opening up the well, 
ladial distance in fect from the well, 
production rale in slock tank barrels per day 
viscosity, centipoiscs. 
formation volume factor (dimensionless). 
permeability in millidarcys. 
thickness of producing formation in feet, 
compressibility of ihe reservoir fluid in 

I 
psi" 
porosity, fractional. 

The Exponential Integral in Equation (1) is the term in the 
brackets. 

( 948.4 c u f r 2 \ | 

The Exponential Integral is defined as 

(2) dv 

In this definition v iv .1 dummy variable and disappears 
upon integration and substitution of the limits. - Ei(-x) is thus 
1 function ol x onlv The Exponential Integral can also he 
expressed h\ means ol intinite series, thus: 
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The form jjiven 111 I quation 1 4 1 is particularly useful since 
it peimits a simple evaluation ot the 11 function for values 
of x outside the range ol tables, or it no tables are available, 
it is also used to deteimine the range ot .x over which the 
logarithmic approximation ma\ bo used. 

Example I . Calculate -Hit ---0.'25>. Bv Equation (4) . 
l i t - H.2S-, n S77; —-2.303 log,r, (0.25) •*- 0.25 — 

(0.2s 1 io.25 ) 
4 IN * ' 

il sT ' : 2 303 ( —0.6021) • 0.25 — 
(I I M.2 s ( l l l l s(>2s 

I I v T 
4 IS 

i vS66 0.25 - - 0.01 *6 + 0.0008 
" 0 SM2X . 1 f>366 

. 1.1)438 
The value 1.043s may be rounded to the value 1.044 which 

is usually sullicient for most reservoir problems. It will be 
noted that the last term in the series (0.0008) was not used. 
A set of tables, Ref (4), gives the value of 1.0443. The differ
ence between 1.0443 and 1.0438 is 0.0005 which is leas than 
the value of the last term calculated, but not used. This illus
trates the rule that for series of the type of Equation (4) the 
error resulting from omitting all terms after a certain selected 
one is less than the first term neglected. In this example all 

X ' 
terms after the term were neglected and the error'is shown 

4 
x* 

to be less than the value of the term- . which is (0.0008). 
I O 

Here the term - is the first of the terms neglected. 
18 

Example 2. Assume that it is desirable to use the logarithmic 
approximation. Assume further that a value of -E i ( -x ) accu-
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rate to 0.01 is acceptable. In other words, all terms in Equa
tion (4) are to be neglected after the logarithmic term. What 
is the largest value that x can have in order that the error in 
-Ei(-x) shall not exceed 0.01? It was shown in the previous 
example that the error does not exceed the value of the first 
term neglected. In this case, the first term neglected is X. 
Hence, if x does not exceed 0.01, then the error in - E i ( - x ) 
resulting from ihc use of the logarithmic approximation will 
nol exceed 0.01. 

Tables of the 1 i function ate available and are used in the 
same manner as logarithmic, or trigonometric tables. A con
densed table is given in Appendix A. More complete tables 
mav be purchased from the Superintendent of Documents 
f 4 ) . Washington 25, D C. For most reservoir work, however, 
the tables given in Appendix A are sufficiently accurate. For 
rougher work, a graph based on equation < 1 I has been pre
pared and is given in Appendix B. 

Ihe two previous examples illustrated the method of cal
culating the value of the function f i t — x l . Two more 
examples are presented illustrating the use of the Exponential 
Integi :l in Equation < I i 

Example 3. This example applies to the problem of well 
interterence Assun.e two wells are separated hy a distance ol 
I 100 tt Both wells have been shut-in (or a sufficient length of 
time thai the pressure in each is the static reservoir pressure. 
Also, assume that the common formation in which these wells 
are completed is homogeneous and continuous. The problem 
is to calculate how many hours it will take for a pressure drop 
of 5 psi to occur in well B alter well A commences to produce 
at a rate ol 250 stock tank bbl per day. 

Assume further, that the following quantities have previ
ously been determined 

k 1 13 md 

h - 1 ' feet 

kh 4 «Ks» md -tt 

u ti cp 

B ! .47 

t r: o 02 

C 1 54 - ID 
1 

psi 

The remaining quantities in Equation ( I ) as previously 
specified are r r 1100 tt. q„ - 250 STB/D, p„ — p ( r . T ) -
AP 5 psi 

Substitution of these quantities in Fquation (1) gives: 

s . 0.0141 • 4389 
250 - 0.38 • 1.47 

948.4 • 1.59 • 10 > x 0.38 ,-. 0.02 
33 T 

(1100> 2 > 

218 '••( T) 
4.202 

Thus. — - - is the x in — Ei(— x I and 2.218 is the value 

of the Ei function. The next step is to find the value of x from 
the tables. The quantity in the body of the table nearest 2.218 
is 2.20. Hence, the value of x. to three decimals, read from 
the table, is 0.065. 

4.202 

- f - 0.065 

4 202 
T = 0.065 = 6 4 6 h ° U r S 

Example 4. Two wells, A and B, are separated by a distance 
of 1100 f t . A well pressure build-up test on A has yielded an 

effective reaervoir productivity of 4400 aa«V* (fc%). 
is produced at a constant rast of 275 STB/oaf, a 
drop of 10 psi is observed at B after 101 boon. Fluid aad 
formation constants are: 

u = 0.40 cp. 
B = 1.47 
f - 0.02 

c = I 59 < 10 =-
i 

psi 

What is the effective permeability of the intervening for
mation? 

Substituting these values in Equation (1) . 

10 x 0.0141 x 4400 

Ei 

275 x 0.40 x 1.47 
948.4 • 1.59 x IO" 5 x 0.4 X 0.02 X 

k x 108 

•Ei! 

(M00 )J^ 

'(-'?) 4.039 -

0.010 (from the tables) 
L35 
~k " 

k = 135. md. (effective) 
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APPENDIX A 
t able of the Exponential Integral 

f(x) = — Ei(— x) 
0.00 < x < 0.209, Interval = 0.001 

X a" 1 2 3 4 5 6 7 S » 
o tn - mi « 332 5 839 .1 235 4 S48 4 721 4 545 4 . M l 4 250 4 t U 
il 01 4 (BR 3 944 3 S5H 3 77V 3 7(15 .3 437 3 574 J 614 1 45* t 406 
n 02 3 355 3 3(17 3 211 3 21 3 171 S 137 3 098 3 0*2 3 OM i nt 
(1 f «3 2 m 2 927 2 "97 2 Slit 2 S38 2 M0 1 781 2 7M 2 711 2 706 
n 04 2 m 2 fiS» 2 hJ4 2 112 2 590 2 5*8 2 547 2 527 2 607 1 487 
II (IS 2 4f« 2 449 2 431 2 413 2 395 2 377 2 SAO 2 344 2 327 2 311 
il OA 2 295 2 279 2 264 2 249 2 235 2 220 2 206 2 192 2.178 2 164 
li 117 2 IM 2 13" 2 125 3 112 2 099 2 wr 2 074 2 062 2 060 2 0S9 
II UK 2 (127 2 Oi l 2 DM 1 MJ I 982 1 971 1 9*1 1 950 1 9*9 1.929 
(i ns 1 919 I <m 1 899 i «m 1 179 1 MS 1 WO 1 850 1 841 1 812 
i) in 1 *23 1 s u I HI15 \ 71*5 1 7*8 1 779 1.770 1 762 1 764 1.745 
I I i i \ 737 1 729 1 721 1 713 1 7(15 1 I.97 1 S89 1 682 1 674 1.617 
I I 12 1 Bhfl 1 1.12 1 M5 1 138 1 631 1 r.23 1 «1« 1 MM 1.403 1 596 
ll U 1 .1X9 1 5X2 1 171 I M9 1 5(12 1 SW 1.549 1 543 1.537 1 530 
ll M 1 .124 1 5l« 1 512 1 501 1 ,*» 1 494 1 488 I 482 1 471 1 470 
u 15 1 4fU 1 459 1 45! 1 447 1 442 1 43* 1.431 1 426 1 420 1 415 
0 IB 1 409 1 4lsi ) 399 1 393 1 388 1 3 S3 1 378 1 373 1 3B8 1 363 
fl 17 1 35* 1 353 1 W* 1 341 1 338 1 333 1 329 1 324 1 319 1 314 
0 IS 1 310 ! 306 1 301 1 291 1 291 I 2S7 1.282 1.271 1.274 1 2*9 
0 I t 1 2A5 i m 1 254 1 252 1 24*1 1 243 1 219 1 235 1 231 1 227 
i) 2<> 1 221 1 210 1 215 1 2II> 1 206 1 2(12 1 19* 1195 1 191 1 187 
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0 500 
0 464 
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0 260 
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II ISti 
0 158 
0 135 
0 111 
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0 OWB 
0 0747 
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ii ;s.3 
0 ISti 
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0 0051 
0 0731 
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i mi 
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0 85s 
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0 360 
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0 IM 
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0 131 

o na 
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0 <fe38 
0 0726 
0 0629 
0 0646 
0 0476 

2 959 
1 599 
1 UO 
0 H34 
0 165 
0 526 
0 428 
0 353 
(I 295 
0 247 
0 209 
0 177 
0 151 
0 129 
0 U l 
0 0967 
0 08M 
0 0716 
0 0620 
0 0639 
0 0409 

2 681 
I 524 
1076 
0 115 
0 640 
0 514 
0 420 
0 347 
0 289 
II 243 
0 206 
0 174 
0 149 
0 127 
0 10* 
0 0»U 
0 0S14 
0 0706 
0 0611 
0 out 
0 0463 

2 448 
I 444 
I 044 
0 794 
0 62.' 

o sa> 
0 411 
0 140 
0 284 
0 219 
0 202 
0 172 
0 146 
0 11* 
0 10S 
o om 
o om 
o 069* 

o oa* 
0 0U4 
0 04*6 

2 296 
I 409 
I 014 
0 774 
0 611 
0 493 
0 404 
0 324 
0 279 
0 236 
0 198 
0 169 
0 144 
0 114 
0.106 
0 0916 
0 0791 
0 068* 
0 0*06 
00617 
0 0460 

2 151 
I 368 
0 986 
0 766 
0 t»8 
0 483 
0 I t * 
0 318 
0 274 
0 231 
0 195 
0 166 
0 141 
0 122 
0 106 

o om 
r 0780 
U 0*76 
0 06*6 
0 0610 
0 0444 

2 or 
1.309 
0 967 
0 737 
0 585 
0 473 
0 388 
0 121 
0 1*9 
0 227 
0 192 
0 164 
0 140 
0 120 
0 UN 

o om 
0 0768 
0 06M 
0 0678 

o ora 
0 0418 

I 919 
1 166 
0 911 
0 719 
0.672 
0 464 
0 381 
0 116 
0 2*6 
0 2 t t 
0.1*8 
0 161 
0 11* 
0 118 
0.101 
0 0876 
0 0757 
0 06H 
O.OS70 
0 M M 
0 0411 
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Table of Expeaasttial Integral 
f (a) =— Ei(—x) ' 

2.0 < x < 10.9. asstrvat = 0.1 
X » 1 1 i 4 • « r • 
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AMNDa • 
Chart for Ae Calculation of the Expoaeaual Integral 

By reaiTanging Equation (1) and attroducaog diinetisirm- U M chart 
ies variabto, tiie cakulation rrf 
phfied. This chart may be used whenever accuracy to two sig
nificant figures is adequate for the problem at hand. 

Let AP = p.—pO.T) 
s _ «*.uB 

0.0MIkh 
ctsfr* 

t = 948.4- kT 
The*, Eâ Mtion (1) aaay written 

AP = P[—Ei(—t)] 

of two branches of the Ei-curvc swotted 
paper. Values of t are pstxasd along ths 

X-axis. Vahm of—Ei < — t) an i>ic4ted aloiig ti* Ynuna. 
The first branch, marked I, covers the range of t 

0.0001 to 0.01; the second branch, saarhsd U, 
of t from 0.01 to 1.0. V slues of t as 
atrves for convetvieace is taniling Vasaeaof—11(—t) 

covars the range from 0.22 to HC Tlieae are {sjaatwanl at mm 
left of the chart. 

Ejuaapk 1, (^tdertepoaatO, (t) locatsel on Btaaah 0. 
t = 0.06, — E i (—t) = 2 J 
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